In this paper we prove that any multi-resolution analysis of L 2 (R R) produces, for some values of the filling factor, a single-electron wave function of the lowest Landau level (LLL) which, together with its (magnetic) translated, gives rise to an orthonormal set in the LLL. We also give the inverse construction. Moreover, we extend this procedure to the higher Landau levels and we discuss the analogies and the differences between this procedure and the one previously proposed by J.-P. Antoine and the author.
I Introduction
The role of wavelets in various applications of mathematics and to some physical problems like signal analysis is now completely established: the existence of a wide literature on this field is sufficient to give an idea of the amount of people involved in this and related topics. For a clear reading on this subject a standard quotation is [1] . Reference [2] is an updated book where other interesting aspects of wavelets are discussed. What cannot be found in many textbooks since is still to be understood, is the relevance of wavelets in quantum mechanics: at this moment, in our knowledge, very few are the applications proposed in this field, [3, 4, 5, 6, 7] and [8] among the others.
One of the most useful feature of wavelets concerns their localization properties in both configuration and frequency space. This fact is at the basis of the serie of papers [3, 4, 5, 6] where different families of orthonormal (o.n.) bases in L 2 (R R) are used in the search for the ground state of a two-dimensional elecron gas (2DEG) in an uniform positive background and subjected to an uniform electro-magnetic field. This is the physical system which produces the well known fractional Quantum Hall effect (FQHE). The key fact behind this approach is the existence of an unitary map between L 2 (R R) and the lowest Landau level (LLL), that is the subspace of L 2 (R R 2 ) corresponding to the lowest eigenvalue of the free hamiltonian of the 2DEG. This implies that any o.n. basis in L 2 (R R) (not necessarely a wavelet one!) produces an o.n. basis in the LLL; for this reason the role of wavelets does not seem so crucial. We will comment again on this approach in section 5.
In this paper we extabilish a deeper connection between wavelets and FQHE. In particular we will show that any multi-resolution analysis (MRA) of L 2 (R R) produces automatically a wave function in L 2 (R R) and, as a second step, a wave function in the LLL which turns out to be o.n. to its own (magnetic) translated. This procedure, which works for an even value of the inverse filling factor, is only possible when we start from a MRA, contrarily to what happens in [3] , and can also be inverted: to any o.n. basis in the LLL which is generated by a single wave function via the action of magnetic translations can be associated a MRA. The paper is organized as follows: in the next section we quickly review some of the main properties of a MRA and of the kq-representation, [9] , which turns out to be a technical tool useful to implement the orthonormality condition; in section 3 we state the problem of orthonormality of the single electron wave functions in connection with the FQHE; in section 4 we show how, for fillings factors ν =
2L
, L ∈ N N, a MRA produces in a completely natural way a wave function for the 2DEG with the desired orthonormality requirement, and vice-versa; section 5 is devoted to the comparison between this approach and the one proposed in [3] . In particular, the example of the Haar o.n. basis is considered in detail. We also extend our procedure to higher Landau levels; section 6 contains the conclusions and the plains for the future.
II Mathematical tools
In order to keep the paper self-contained we now quickly review, for reader's convenience, the main properties of the mathematical tools we will use in the rest of the paper.
II.1 Multi-Resolution Analysis
The main result in the theory of MRA is the recipe which allows to construct an orthonormal basis in L 2 (R R) starting from a single function ψ and acting on ψ with dilation and translation operators, generating the set:
Such a basis has the good properties of wavelets, including space and frequency localization. This is the key to their usefulness in many physical and mathematical applications. Let us ow sketch the construction of these o.n. bases of wavelets. The full story may be found, for instance, in [1] .
A multi-resolution analysis of L 2 (R R) is an increasing sequence of closed subspaces
2)
and j∈Z Z V j = {0}, and such that
(2) There exists a function φ ∈ V 0 , called a scaling function, such that {φ(x − k), k ∈ Z Z} is an o.n. basis of V 0 .
Combining (1) and (2), one gets an o.n. basis of
The role of V j as an approximation space and in the direct decomposition of L(R R) is discussed in [1] .
Here we only need to know that the theory asserts the existence of a function ψ, called the mother of the wavelets, explicitly computable from φ, such that {ψ j,k (x) ≡ 2 j/2 ψ(2 j x − k), j, k ∈ Z Z} constitutes an orthonormal basis of L 2 (R R): these are the orthonormal wavelets.
The construction of ψ proceeds as follows. First, the inclusion V 0 ⊂ V 1 yields the relation
Taking Fourier transforms, this gives
where
is a 2π-periodic function. Iterating (2.4), one gets the scaling function as the (convergent!) infinite product
Then one defines the function ψ ∈ W 0 ⊂ V 1 by the relation
or, equivalently 8) and proves that the function ψ indeed generates an o.n. basis with all the required properties. Actually, this procedure does not produce an unique result. Another possibility, which is the one we will use in the example below, gives for the mother wavelet the following expansion:
Various additional conditions may be imposed on the function ψ (hence on the basis wavelets): arbitrary regularity, several vanishing moments (in any case, ψ has always mean zero), fast decrease at infinity, even compact support. For instance, ψ has compact support if only finitely many h n differ from zero.
Simple examples of this construction are the Haar basis, which comes from the scaling function φ(x) equal to 1 for 0 ≤ x < 1 and 0 otherwise, the spline functions, [1] , and so on.
What is more interesting for our purposes is the role of the coefficents {h n } defining the two-scale relation (2.3). These are complex quantities which, if φ(x) is normalized, must satisfy the following relation:
Furthermore it can be proved using the 2π-periodicity of the function m o (ω), together with the ortogonality of the set {φ(
almost everywhere, [1] . This equation can be written in two equivalent forms where the coefficients h n explicitly appear: 13) or yet, in a more convenient form,
We end this rapid excursus on MRA with the following remark: the set of coefficients {h n } can be considered as the main ingredient of a MRA since it generates m o (ω), φ(ω) and, finally, the mother wavelet ψ(x).
II.2 kq-representation
The relevance of kq-representation in many-body physics has been extabilished since its first appearances, [9] . What was originally a physical tool has became, during the years, also a mathematical interesting object, widely analyzed in the literature, see [10, 11] for instance. We give here only few definitions and refere to [9, 11, 12] and [18] for further reading and for applications.
The genesis of the kq-representation consists in the well known possibility of a simultaneous diagonalization of any two commuting operators. In [12] it is shown that the following distributions 15) are (generalized) eigenstates of both T (a) = e ipa and τ ( How it is discussed in [12] , these ψ kq (x) are Bloch-like functions corresponding to infinitely localized Wannier functions. They also satisfy orthogonality and closure properties. This implies that, roughly speaking, they can be used to define a new representation of the wave functions by means of the integral transform Z :
, where
[, defined as follows:
To be more rigorous, Z should be defined first on the functions of C ∞ o (R R) and then extended to L 2 (R R) using its continuity, [10] . In this way it is possible to give a rigorous meaning to formula (2.16) above. From now on we will work in the following hypothesis:
which, also in view of the next section, will correspond to fixing the spacing of the lattice underlying the 2DEG. Replacing ψ kq (x) with its explicit expression, formula (2.16) produces
which can be inverted and gives the
as follows:
Due to (2.15), this equation gives:
In all the literature concerning kq-representation, the role of the boundary conditions is widely discussed, also in connection with the continuity properties of the functions. For instance, in [13] , a function h(k, q) ∈ L 2 (2) is said to be continuous if it is the restriction to the kq-cell of a function continuous in the extended kq-plane (k, q ∈ R R), and if it satisfies the following boundary conditions
which are typical of any function in kq-representation and which will always be assumed here.
III Stating the problem
In this section we will discuss a many-body model of the FQHE looking, in particular, for the single-electron wave function which generates the ground state of the phisical system in the way described below. This system is simply a two-dimensional electron gas, 2DEG, (that is a gas of electrons constrained in a two-dimensional layer) in a positive uniform background and subjected to an uniform magnetic field along z and an electric field along y.
The hamiltonian of the system can be written as
is the sum of N contributions:
Here H 0 (i) describes the minimal coupling of the electrons with the fields:
Notice that we are adopting here the symmetric gauge A = (−y, x, 0) and the same unit as in [14] .
is the canonical Coulomb interaction between charged particles:
and
is the interaction of the charges with the background, whose explicit form can be found in [14] .
In the following we will consider, as it is usually done in the literature, λ(H
B ) as a perturbation of the free hamiltonian H (N ) 0 , and we will look for eigenstates of H (N ) 0 in the form of Slater determinants built up single electron wave functions. This approach is known to give good results for low electron (or hole) densities, [14] . The easiest way to attach this problem consists in introducing the new variables
In terms of P ′ and Q ′ the single electron hamiltonian, H 0 , can be written as
The transformation (3.5) can be seen as a part of a canonical map from (x, y, p x , p y ) into (Q, P, Q ′ , P ′ ) where
These operators satisfy the following commutation relations:
It is shown in [15, 16] that a wave function in the (x, y)-space is related to its P P ′ -expression by the formula
The usefulness of the P P ′ -representation stems from the expression (3.6) of H 0 . Indeed, in this representation, the single electron Schrödinger equation admits eigenvectors Ψ(P,
Thus the ground state of (3.6) must have the form f 0 (P ′ )h(P ), where 10) and the function h(P ) is arbitrary, which manifests the degeneracy of the LLL. With f 0 as above formula (3.9) becomes
It is wortwhile to stress that at this stage the Coulomb interaction has not jet been considered (and it will not in this paper!) but the common belief is that the explicit form of h(P ) should be fixed by this interaction. Now the problem arises of how to construct the ground state of the free N-electrons hamiltonian H (N ) 0 . We use a suggestion coming from the classical counterpart of this quantum problem. It is very well known that the ground state for a classical 2DEG is a (triangular) Wigner crystal: the classical electrons are sharply localized on the sites of a lattice whose lattice spacing is fixed by the electron density. What we expect, and what was proven in [14] , is that, at least for certain regions of the filling factor, the quantum ground state should not be very different from this classical picture. Here we only sketch the procedure which is analyzed in more details in [14, 3] .
We start introducing the so-called magnetic translation operators T ( a i ) defined by
where Π c ≡ (Q, P ) and a i are the lattice basis vectors (
(1, √ 3) for a triangular lattice).
From now on we will work for simplicity in a square lattice with unit cell of area 2π:
This is not a real limitation and is quite useful to keep the notation simple: moreover, its generalization to lattices of arbitrary shape is straightforward. The above rationality condition on the area has the following useful consequence:
This is not the only commutativity condition satisfied by the magnetic translations. Due to the commutation relations (3.8), we also find
With the choice (3.13) of the lattice's basis the magnetic translations take a simple form 16) and they act on a generic function f (x, y) ∈ L 2 (R R 2 ) as follows
We see from this formula that, if for instance f (x, y) is localized around the origin, then f m,n (x, y) is localized around the lattice site a(−m, −n). Now we have all the ingredients to construct the ground state of H (N ) 0 mimiking the classical procedure. We simply start from the single electron ground state of H 0 given in (3.11), ψ(x, y) . Then we construct a set of copies ψ m,n (x, y) of ψ as in (3.17) , with m, n ∈ Z Z. All these functions still belong to the lowest Landau level for any choice of the function h(P ) due to (3.15) . N of these wave functions ψ m,n (x, y) are finally used to construct a Slater determinant for the finite system:
It is known, [14] , that in order to get < ψ (N ) , ψ (N ) >= 1 we need to have
In fact, if these translated functions were not o.n., then we would get ψ
which is obviously divergent for N diverging. It is clear, therefore, that if we want to perform easily the thermodynamical limit, ortonormality between differently localized single electron wave functions must be required! In the rest of this section we will discuss how the requirement (3.19) can be handled and, in particular, we will show that the use of kq-representation is quite an useful tool since it produces a very simple constraint. Some of the results we are now going to describe in this section are also due to G. Morchio and F. Strocchi, [17] , while the original idea of using kq-representation in connection with an orthonormality constraint is already contained in [18] in the proof of completeness of lattice states proposed by the authors.
Let ψ(x, y) be as in (3.11) and ψ m,n (x, y) = T We are interested now in finding some conditions on h(P ) such that condition (3.19), or its equivalent form S m,n :=< ψ 0,0 , ψ m,n >= δ m,0 δ n,0 , (3.21) are satisfied. With the above definitions we find
which restates the problem of the orthonormality of the wave functions in terms of the PP ′ -representation. In particular we see that, for m = n = 0, this equation implies that
. This reflects the unitarity of the transformation (3.9), which, more in general, implies that any o.n. set in
In order to use now kq-representation it is convenient to split the integral over R R in an infinite sum of integrals restricted to [ra, (r + 1)a[, r ∈ Z Z, use the kq-representation and then, write everything in terms of a single integral over the unit cell 2. We have, using (2.20) and the well known equality
Due to the completeness of the set {e inaq−ikma , n, m ∈ Z Z} in the unit cell 2, we conclude that S m,n = δ m,0 δ n,0 if and only if h(k, q) is a phase, so that |h(k, q)| is independent of k and q. This result can be considered as a slight generalization of the procedure discussed in [18] to the FQHE for filling factor ν = 1.
It is easy to generalize this result to a filling ν = . The idea is the following: a filling factor ν = 1 corresponds to all the sites of our square lattice (of spacing
2DEG can be seen, on the other way, as if the same lattice was only partially occupied: one lattice site is free and the other is occupied. If we require the orthonormality of the related set of single electron wave functions, it is enough to ask for S m,2n = δ m,0 δ n,0 . This is equivalent also to chosing a different lattice, with an unit cell twice than before and basis vectors a(1, 0) and 2a(0, 1). Of course, we would as well have chosen another lattice with basis vectors a(0, 1) and 2a(1, 0), or also any other lattice with unit cell of area 4π. We use the first choice just to fix ideas. Equation (3.24) gives
which can be rewritten as
This implies, again using the completeness of the functions e inaq−ikma , n, m ∈ Z Z in 2, that:
The generalization to ν = 1 M is straigtforward: we simply require the orthonormality of the wave functions located at a distance of M sites:
and, proceding as above, we deduce that h(k, q) must satisfies the equality
, with L and M relatively prime, can be performed by imposing that condition S m,n = δ m,0 δ n,0 holds only for those (m, n) corresponding to a square lattice in which only L among M lattice sites are occupied. We will not consider this extention in this paper.
IV What we get from MRA
In this section we will describe how two subjects which are so different, at a first sight, as the MRA and the orthonormality condition for a 2DEG discussed previously, are indeed very close.
Let us consider a given MRA of L 2 (R R). We have seen in section 2 that to this MRA it is associated a certain set of square-summable complex numbers {h n } n∈Z Z satisfying, for instance, condition (2.12). This set produces a 2π-periodic function m o (ω) and, through this, the scaling function φ(ω) and the mother wavelet. Now we use the sequence {h n } n∈Z Z to define the following function, which strongly reminds m o (ω):
It is clear that T 2 (ω) is square integrable and is not periodic. In particular, due to the normalization condition (2.10), we have T 2 2 2 = R R |T 2 (ω)| 2 dω = 1. Therefore the kqtransform of this function, t 2 (k, q) = (ZT 2 )(k, q), is well defined in L 2 (2).
In particular, using (2.18) we find
The boundary conditions (2.21) are obviously satisfied: t 2 (k + a, q) = t 2 (k, q) and t 2 (k, q + a) = e ika t 2 (k, q). It is easy to check that t 2 (k, q) satisfies also the orthonormality conditions (3.27). In fact, since we are interested to the value of t 2 (k, q) only in 2, and since T 2 (ω) is different from zero only for ω ∈ [0, a[, we conclude that, for (k, q) ∈ 2,
which is equal to 1/π a.e. in k, q ∈ 2, due to (2.14). This implies that t 2 (k, q) gives rise to a family of functions ψ m,n (x, y) in the LLL mutually orthonormal and corresponding to ν = 1/2. We will find the explicit form of these ψ m,n (x, y) in the next section, where we will also compare these results with the ones obtained in [3] . The above procedure can be easily extended to fillings ν =
2L
. The extention to odd denumerator is not so straightforward and will be given elsewhere.
The starting point is again the set {h n } n∈Z Z , producing a MRA of L 2 (R R), satisfying condition (2.12). Now we define,
Again, this is a square-integrable functions satisfying
We also stress that t 2L (k, q) satisfies the correct boundary conditions. With these definitions, using the rationality conditions a 2 = 2π and collecting contributions of the form |t 2L (k,
)| 2 ,.... and the 'odd ones', |t 2L (k,
which is again independent of k and q since it is equal to L/π a.e. in 2, due to condition (2.14). Finally, equation (3.28 ) is a consequence of the equality ν −1 = M = 2L. We conclude that t 2L (k, q) produces, in the configuration space, a set of mutually orthonormal wave-functions spanning the LLL for ν =
. This result, which is in a certain sense rather unexpected because relates two distant fields as MRA and FQHE, is only half of the surprise. In fact, in the rest of this section, we will also show that this relation works in the opposite direction. More in details, we will show how to construct, starting from a function h(k, q) which produces an o.n. set of translated functions in the LLL, a set of coefficents {h n } satisfying condition (2.14), and, therefore, generating a MRA.
The recipe is rather simple and requires only few lines: let us suppose to have a function h(k, q) belonging to L 2 (2), satisfying the boundary conditions h(k + a, q) = h(k, q), h(k, q + a) = e ika h(k, q) and such that
This means that in the configuration space the related set {ψ m,n (x, y)} is an o.n. set. Let us now define
Even if h n (k) is, in general, a function of k it is straightforward to check that if we take h(k, q) coinciding with t 2 (k, q) in (4.2), then h n (k) = h n for all n ∈ Z Z. This means that the dependence on k may disappear in some relevant situation. It is not so surprising, therefore, to check that n∈Z Z h n (k)h n+2l (k) does not depend on k for any choice of h(k, q), if the equality (4.5) is satisfied. In fact, using equality (3.23) and condition (4.5), we find
This result shows that any o.n. basis in the LLL for a filling factor ν = , L ∈ N N, is straightforward. We conclude this section remarking that, in view of our results, there exists a complete equivalence between MRA and orthonormality of the single electron wave functions in the LLL (for ν =
, L ∈ N N).
V Extension to higher Landau levels and further remarks
In the first part of this section we analyze the relation between the approach we have discussed here with the one originally proposed in [3] and further developped in [4, 5] . In those papers we used wavelet analysis in connection with the FQHE as we have done here. In [5] , in particular, we discussed a toy model suggesting the relevance of single electron wave functions arising from wavelet theory in the construction of a Slater-like ground state for a 2DEG. This construction was carried out in details for the FQHE in [3, 4] using the canonical transformation (3.11) and the PP ′ -representation to generate an o.n. basis of functions in the LLL starting from an o.n. set of wavelets in L 2 (R R). This procedure is only apparently close to the one proposed in this paper. The first difference is related to the possibility of extending the approach in [3] to any o.n. basis of L 2 (R R), possibility which does not apply here since the procedure proposed in this paper only works for an o.n. basis generated by a MRA. The second difference concerns the nature of the operators acting on the mother function which generates the o.n. set in the LLL: in [3, 4] these operators are dilation and translation operators. Here, on the other way, we use the magnetic translations defined in (3.12). Since, however, these two procedures have something in common, we expect that the resulting wave functions should not be very different. And, in fact, this is the outcome of this section, where we will explore the details of the easiest example: the Haar wavelet. For this choice the set {h n } n∈Z Z reduces to
, and all the other coefficients are zero. We have shown in [3] that this choice produces a function in the LLL localized around the origin which looks like
where φ(z) := 2 √ π z 0 e −t 2 dt is the error function, [19] . The whole set H mn (x, y) is discussed in [3] , where also its asymptotic behaviour is discussed in connection with the localization of the electrons. Here we only state the result which will be compared with the one resulting by the approach proposed here. We have
which displays the Gaussian localization of the wave function in the variable x and shows the rather poor localization in y.
Let us now proceed in a different way. For a filling ν = 1 2
and a generic MRA, the function T 2 which produces an o.n. set of translates in the LLL is given in (4.1). Using the transformation rule (3.11) we get
which, for the above choice of coefficients corresponding to the Haar wavelet, gives
T 2 can be written in terms of error function φ(z) as follows:
whose asymptotic behaviour can be found with the help of [19] :
This formula shows that, even if the two procedures produces different results, the asymptotic behaviours, that is the localization features of the electrons, coincide for H 00 and T 2 . This result can be considered as a consequence of the Balian-Low theorem applied to the present situation, see [1, 6] , and of the Battle theorem for our previous proposal, [3, 20, 6] . Both these theorems give severe constraints on the localization properties of a wave function when orthonormality constraints of different kind are imposed. We refer to [6] for a rather complete review of the localization problem in a generic Landau level.
In the last part of this section we extend the orthonormality constraint (3.21) to levels higher than the lowest.
We begin this analysis with a general remark, which already suggests the final result: orthonormality is required on a set of functions obtained by a single wave function via the action of the magnetic translations T i . On the other hand, the passage from a Landau level to the other is obtained with the action of the raising and lowering operators A ′ † and A ′ defined by
where Q ′ and P ′ are given in (3.5). We have already remarked that the translations T i commute with Q ′ and P ′ , and with A ′ and A ′ † as a consequence, so that it is reasonable to expect that the orthonormality constraint does not change very much moving from the lowest to some higher Landau level. This is exactly what happens, as we will now show explicitly for the first excited level.
All the wave functions of the first Landau level, ILL, are given by formula (3.9) with Ψ(P, P ′ ) = f 1 (P ′ )h(P ). Here f 1 (P ′ ) = which coincides with the result obtained for the LLL. This means that, when passing to the kq-representation, the wave function originating the o.n. set in the ILL is exactly the same function originating the o.n. set in the LLL. Nedless to say, this does not imply that in the configuration space the two different o.n. sets coincide, because they are generated by different ψ(P, P ′ ), belonging to different Landau levels.
Even if the above result has been obtained only for the ILL, it gives a strong indication that the orthonormality condition in terms of h(P ) takes exactly the same form for all the Landau levels. This also follows from our original remark on the commutativity among T i and A ′ † .
Outcome
In this paper we have proven a deep connection between a MRA of L 2 (R R) and the FQHE.
In particular we have shown how a single electron wave function which, together with its magnetic translates, produces an o.n. set in the LLL can be constructed starting from a MRA. This procedure works for ν =
2L
, L ∈ N N. We have also shown that this procedure can be inverted, so that to any o.n. basis of translated functions of the LLL (corresponding to ν =
) can be associated a MRA of L 2 (R R). Moreover, we have compared this approach with a similar one, [3] , which is close for the final result but is very different for the philosophy. We have finally extended this procedure to other Landau levels.
What is still to be done is a computation of the energy of the 2DEG for such a basis, in order to see if this procedure can give some hints about the ground state for the FQHE. We also plain to extend this procedure to filling ν of the form ν =
2L+1
and, more generally, ν = L L ′ , with L and L ′ relatively prime natural numbers.
